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Tolerance Analysis of NMR Magnets 
 

A. Ambrisi, A. Formisano and R. Martone  
 

Dipartimento di Ingegneria dell’Informazione, Seconda Università di Napoli, Aversa (CE), I-81031, Italy 
 

Due to manufacturing and assembly variations, there are tolerances associated with the nominal dimensions of complex 
electromagnetic devices. A possible approach to take into account such tolerances in the early design phases is the “worst case 
tolerance analysis”, whose goal is to determine the effect of the largest variations on assembly dimensions on the product performance. 
On the other hand, when many tolerances must be considered, locating the worst case with combinatorial effects could get very time 
consuming, since performance assessment of such devices may require numerical field analysis. In the paper, a fast approach based on 
the performance sensitivity with respect to design parameters is presented, and applied to the tolerance analysis of Nuclear Magnetic 
Resonance (NMR) magnets. 
  

Index Terms—High Field Magnets, Tolerance Analysis, Robust Design, Sensitivity Analysis.  
 

I. INTRODUCTION 
N ASSESSMENT of the impact of manufacturing and 
assembly tolerances is generally required in the design 

process of electromagnetic devices, especially for the most 
expensive ones, to verify if design performance are guaranteed 
also for real devices, and, in addition, to evaluate the actual 
requirements of possible correction systems. For mass-
produced products, the expected outcome of this assessment is 
the percentage of parts falling out the requirements (eventually 
to be replaced), while for “critical” devices, whose 
performance cannot be outside the required range (either 
because their mission is “critical”, e.g. pacemakers, or because 
they are produced specifically on customer demand, e.g. 
magnets for NMR applications), the assessment must 
guarantee that also in the most adverse cases the device will 
operate satisfactorily. Note that the treatment of the tolerances 
in the design phase implies a relevant impact on the 
computational cost, since the relationship among design 
parameters and device performance indexes is usually a 
complex non-linear function, possibly involving numerical 
magnetic field computations.  

In this paper, for the sake of exposition, the tolerance 
assessment of magnets for NMR spectroscopy will be 
considered, as an example of robustness analysis for critical 
devices. The main requirement in the design of NMR magnets 
is the high uniformity of the magnetic field that must be 
guaranteed within a very tight limit inside a suitable Volume 
Of Interest (VOI). The uniformity is usually evaluated as the 
maximum difference of the magnetic field axial component 
with respect to the nominal value on the boundary of the VOI. 
In order to guarantee the right resolution in NMR analyses, 
such uniformity must be within few parts per million (p.p.m.). 
Unfortunately, in practical realisations, due to construction 
and assembling tolerances, the actual magnets differ from the 
nominal ones [1]-[2]. Then, suitable sets of shimming coils are 
included able to counteract the error field.  

NMR magnets have been chosen for their extreme 
sensitivity to uncertainties in design parameters, and for the 

ease of computing their magnetic field, thanks to the 
availability of closed form expression [3]. The discussion 
nevertheless applies to the general class of critical devices. 

Aim of the paper is to propose an approach to reduce the 
computational cost for the tolerance assessment, based on the 
sensitivity of device performance index with respect to the 
design and constructive parameters.  

As a matter of fact, the array of sensitivities can be related 
to the gradient of the performance index in the parameters 
space, and the “actual” magnet layout providing worst 
performance is likely to be identified by following the gradient 
direction. On the other hand, constraints are usually present 
among different parameters, limiting the actual values that 
each parameter can take inside the tolerance range.  

In the paper, an approach able to systematically take into 
account the above cited issues will be proposed. For 
exemplification purposes, in the following section the 
tolerance assessment of field homogeneity for two NMR 
magnets will tackled, either using worst case analysis taking 
advantage of sensitivities, and using Monte Carlo method, to 
compare drawbacks and advantages of both approaches.  

In the second section, a general description of the tolerance 
analysis process will be given, while in the third section the 
use of sensitivities will be described. In the fourth section the 
algorithm for worst case localization will be detailed, and 
finally two examples are proposed. 

II. TOLERANCE ANALYSIS 
Tolerancing plays a key role in design and manufacturing 

of industrial products. In the following, according to [4], 
tolerances are defined as the maximum deviations from a 
nominal specification within which the part is acceptable for 
its intended purpose. Tolerances are usually expressed as 
lower and upper deviations from the nominal value.  

Basically, tolerancing implies two different aspects: 
 

• Tolerance analysis, involving identification of related 
tolerances in a design, and calculation of the stackup of 
these related tolerances. If design requirements are not 
met, tolerance values are adjusted and the stackup 
recalculated.  
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• Tolerance synthesis, the process of distributing tolerance 
values among design parameters in order to guarantee the 
required functionality. 
 

In general, tolerance analysis involves building linear or 
nonlinear models of the problem at hand, depending upon the 
design complexity. 

As anticipated, a tolerancing problem can be solved either 
using a worst-case approach or a statistical approach. In the 
first case, the extreme values of tolerances are considered, 
while in the second case, tolerance calculation are performed 
based on the fact that actual dimensions are randomly 
distributed around their nominal values. 

Statistical tolerancing is well-suited for mass production, 
as it allows to reduce the average cost by accepting to include 
in the overall production also a (possibly small) number of 
unacceptable elements. Some of the popular methods for 
statistical tolerance analysis are search-space smoothing using 
Monte Carlo yield estimation, statistical model-based 
methods, and six-sigma tolerance analysis tools [4]-[5]. 

The worst-case approach is better suited to study single 
piece or small-lot productions characterized by high accuracy 
processes; of course the design of high field NMR magnets 
falls in the second class. The typical approach takes advantage 
from monotonicity shown by the performance function with 
respect to each design parameter. Nominal values for all 
variables are assumed, except for one, which is once simulated 
with the upper and once with the lower boundary. Then, the 
next variable is chosen. In principle also the cross effects of 
the tolerances could be considered, however this would imply 
to calculate each possible combination of tolerance term 
boundaries, leading to a strong growth of computing time 
which is exponential in the number of tolerance sources.  

The approach proposed in this paper offers the possibility 
of considering cross effects while limiting the search for the 
worst case to a very limited number of extreme points in the 
tolerance ranges, taking advantage of sensitivity information. 

The topic of tolerance analysis has received a great deal of 
attention from researchers in the field of mechanics [4]-[7], 
and also relevant contributions are available in the field of 
electronic circuits design (a few, non exhaustive examples are 
[8]-[9]). On the other hand, the complexity of electromagnetic 
devices performance assessment limited the investigation in 
the field until sufficient computational power was made 
available. 

III. PERFORMANCE SENSITIVITY 
In order to define the “performance sensitivity”, let’s 

introduce a “performance index” p, depending on the nominal 
value of design parameters, X0, which are known exactly, and 
on the uncertainties ΔX on the parameters. The uncertainties 
are in general random variables, each with its own statistical 
distribution, defined accordingly to the tolerance ranges. A 
possible description of p, useful for statistical analysis, can be 
given by:  

 
0 0(X X ) (X ) ( ) ( , ) ...i i ij i j

i i j

p p p X p X X
<

+Δ = + Δ + Δ Δ +∑ ∑  (1) 

 

The function p is considered deterministic here. The term  
p(X0) does not depend on tolerances, while in the term 

( )i i
i

p XΔ∑  each summation elements depends on the 

uncertainty on a single variable. Further terms describe mutual 
interactions, with increasing order. 

A possible measure of sensitivity is defined in statistical 
terms, as “the expected amount of variance that would be 
removed from the total output variance, if we were able to 
learn the true value of ΔXi (within its tolerance range), 
normalized to the output variance; this is called main effect. 
This measure indicates the relative importance of an 
individual input variable, in driving the output uncertainty, 
and can be seen as indicating where to direct effort to reduce 
that uncertainty. 

In the following, anyway, a slightly different approach will 
be pursued, since the interest is concentrated here in locating 
the worst case. As a matter of fact, advantage can be taken by 
the further hypothesis of small relative values of tolerances 
with respect to parameter values, and it is possible to assume 
that the second term in (1) is linear with respect to each 
uncertainty ΔXi: 

 
( )i i i ip X s XΔ ≈ Δ  (2) 

 
The array s of si is called “sensitivity array”; it can be 

computed using linear interpolation, or partial first order 
derivatives with respect to ΔXi, or, finally, using covariance 
computation. Note that different interpretation could drive to 
the different values of s. In the following, the elements of the 
sensitivity array are computed using finite differencing: 

 
0( ) ( )i

i
i

p X p Xs
X
−

=
Δ

 
(3) 

 
where Xi is an array in which only the i-th element is 
increased by ΔXi with respect to X0, and ΔXi is chosen 
suitably small in order to get convergence in finite difference 
computation. 

IV. ALGORITHM DESCRIPTION 
The worst case analysis can be formulated as the problem of 

looking for the maximum discrepancy of the actual 
performance with respect to the nominal one. In order to get 
rid of the sign, it is profitable to use squared discrepancy, and 
to express the problem as: 

 

( )arg max T T
worst X

X X ss X
Δ

Δ = Δ Δ  (4) 

 
It can be easily shown that its maximum must be found on 

the boundary of the search space. 
If there are no constraints among design parameters, the 

search space for the maximization problem (4) is represented 
by the hyper rectangle R⊂ℜNpar obtained as the Cartesian 
product of the Npar tolerance ranges, and maximum must be in 
one of the vertices. For the sake of exposition, with no lack of 
generality, the tolerances will be assumed symmetrical. The 
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maximum value of discrepancy is achieved in the vertex of the 
hyper rectangle whose coordinate vector gives the highest 
scalar product with the sensitivity, and can be easily 
determined as the vertex where each coordinate has the same 
sign as the corresponding sensitivity element (see Fig. 1 for an 
illustrative example). This vertex is called the “Nadir”, which 
is the “lowest” possible point in terms of performance (as 
opposite to Zenith, the highest point), and it represents the 
theoretical worst case, if all the design parameters were free to 
assume any value in the respective tolerance range.  

The proposed algorithm, Tolerance Analysis Fast Serach 
(TAQS), starts by computing the sensitivity array s, and then 
locates the Nadir. If there are no constraints, TAQS 
terminates. If there are constraints among design parameters, 
the algorithm is more complex: it firstly considers the Nadir, 
and verifies if it satisfies the constraints (“validates” the 
vertex). If the vertex is validated, then it is the worst case, and 
the algorithm terminates. In case of fail, then the “opposite” 
vertex is considered (which provides the same value of 
squared discrepancy) and validated. If vertex is valid, the 
algorithm terminates, otherwise “adjacent” vertices to the 
Nadir are generated and validated. If all adjacent vertices are 
validated, the algorithm starts searching the intersection of the 
constraints with the hyper rectangle edges linking non-valid 
vertices with the valid ones, and stores the intersection points 
as new candidates for the worst configuration. If some of the 
adjacent vertices to the Nadir are not valid, then a new search 
for valid neighborhood starts from the non-valid adjacent, 
until a set of valid vertices is found, and for each of them the 
intersection points with constraints along edges are located, 
and new candidate points are added to the list. Once that the 
list of intersection points is fully populated, discrepancy is 
evaluated in each point (taking into account symmetry), and 
the worst case is found (see Fig. 1 for an exemplification). A 
flow chart of the algorithm is reported in Fig. 2. 

 

 
Fig. 1 – Exemplification of TAQS application in a simple case with Npar=3 
with a linear constraint between two parameters. 

V. TOLERANCE ANALYSIS OF NMR MAGNETS 
The possibility of locating worst case using performance 

index sensitivity in the design of demanding electromagnetic 
devices has been evaluated with reference to two different 
magnets for NMR spectroscopy. The first one is a NMR 
spectroscopy magnet composed of 6 NbTi coils wound on the 
same cylindrical former (see Fig. 3 and Table I for details). 

 
Fig. 2  – TAQS Flow Chart 

 
The design parameters are the minor and major radius, and 

the minor and major axial coordinate of each coil. Thus, each 
coil has 4 degrees of freedom, and the total number is Npar=24.  

A tolerance range ΔXmax=1 mm is assumed on each 
parameter, and, thanks to the design layout, coils do not get in 
touch also for extreme values of tolerances. Nadir represents 
then the actual worst case, reported in Table II. In order to 
assess the algorithm capabilities in terms of speed and 
localization accuracy, a comparison is also reported with an 
optimization algorithm specialised for quadratic functions 
(STRM: subspace trust-region method based on the interior-
reflective Newton method [10]), and plain MonteCarlo 
analysis (MCA) using 50000*Npar random function calls.  

Note that the STRM algorithm correctly locates the worst 
case, but takes a longer time, while MCA does not find the 
correct point. An exhaustive search would imply 2^Npar 
quadratic function calls, which quickly becomes 
unmanageable with increasing Npar. 

The second device is a subsection of the resistive insert of a 
spectroscopy magnet [11], composed of 6 Bitter type copper 
coils, wound on coaxial cylinders, one inside the others (see 
Fig. 4 and Table III for details). Design parameters are the 
minor and major radius, and the minor and major axial 
coordinate of each coil. Thus, each coil has 4 degrees of 
freedom, and the total number is Npar = 24. A tolerance range 
ΔXmax=1 mm is assumed on each parameter, but now, due to 
the design layout, coils can touch each other for extreme 
values of tolerances on major and minor radii of coils.  Thus, 
linear constraints on parameters apply: 

 
( ) ( )r_min_n r_min_n r_max_n-1 r_max_n-1 0X X X X+ Δ − + Δ >  (3) 

 
where Xr_min_n is the minor radius of coil n, while Xr_max_n-1 is 
the major radius of the inner coil n-1. For this magnet, the 
more complex search applies. Worst case is reported in Table 
IV.  

Δx1(m)  

Δx3(m)  

Δx2(m)  
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Fig. 3 – Sketch of the magnet in the first example. 

TABLE I 
PARAMETERS OF NMR MAGNET IN FIRST EXAMPLE 

Parameter Value 

Number of Coils 6 NbTi coils 

Currents  I1=I4=189 kA; I2=I5=196 kA;  I3=I6= 624 kA 

Central Field 2.8 T 
Field Uniformity  0.1 p.p.m. on 5 cm sphere  

Overall length 0.640 
Tolerances +/- 1.0 mm for all dimensions 

 

TABLE II 
WORST CASE ANALYSIS RESULTS IN FIRST EXAMPLE 

Method Worst Case 
Uniformity 

Computational Time (on an 
INTEL Core2 duo CPU @2.93 Ghz, 

with 4 GB RAM using Matlab)

TAQS 506 p.p.m. 9*10-2  s 
STRM 506 p.p.m. 5*10-1 s 
MCA 296 p.p.m. 1*103  s 

 

VI. CONCLUSIONS 
A possible fast approach for worst case tolerance analysis, 

based on the use of sensitivity information, has been 
introduced and its effectiveness has been checked in the case 
of tolerancing of NMR magnets. The comparison with usual 
statistical analysis and general purpose minimum seeking 
algorithms for quadratic programming showed that worst case 
performance is practically the same, yet requiring in the latter 
case a much higher computational effort. 
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