
Abstract— The optimal design of electromagnetic devices is 

often performed by balancing conflicting objectives, including 

performance and other relevant quality figures such as cost and 

robustness. The balance of conflicting partial objectives can be 

tackled with the Pareto approach. Unfortunately, assessment of 

robustness typically implies a relevant increase in the 

computational cost of optimization procedures; in the paper, it is 

proposed an approach allowing to include robustness in Pareto 

optimization with a reduced increase in the computational cost. 

I. INTRODUCTION 

Robust design of electromagnetic devices is typically 

associated to the assessment of some quality figure, implying 

the characterization of device performance with respect to 

uncertainties in the realization of design, due to tolerances in 

manufacturing and assembly, aging of components, and so on 

[1]. Since the performance of the device must in this case be 

investigated “in the neighborhood” of the design value, the 

required computational burden can noticeably increase.  

If the design task is aimed at obtaining an optimal robust 

design, the objective function used to achieve optimality is 

usually composed by one or more terms expressing the 

“performance” and the cost of the device, and additional terms 

expressing the “robustness”, the most common example being 

the “Quality Loss Function” [1].  

The design problem can be formulated as a multi-objective 

optimization problem, and must be faced with using suitable 

approaches, the most common being based on the Pareto 

approach [2], describing the impact on the device behavior of 

the different partial objectives. In the case of Pareto theory, 

the optimality concept turns into “non-dominance”, and the 

result of the optimization process is a set of possible solutions, 

rather than a single design. The final choice must then be 

taken on the basis of further considerations, not taken into 

account in the definition (e.g. the practical feasibility, other 

further performance figures, and so on). 

The usual statistical characterization of robustness is well 

suited for mass production devices, when average 

performance must be guaranteed. On the other hand, for small 

scale productions, or in the case of highly demanding devices, 

when cost is not a relevant issue and design performance must 

be guaranteed despite production tolerances, it makes sense to 

adopt a different definition of robustness, based on the “worst 

case” performance rather than on the average one; in other 

words, this approach requires that the target performance must 

be guaranteed also in the case of extreme values of tolerance 

range.  

Thanks to the small range of design parameters variations, 

the “worst case” performance can be computed effectively 

taking advantage from the sensitivity analysis of the device 

[3]. 

In addition, when dealing with tolerances on design 

parameters, the corresponding elements in the sensitivities 

array are elements of the gradient of the device performance in 

the parameters space. When first order optimization 

algorithms are used, the availability of the objective function 

gradient greatly simplifies the computation of the performance 

sensitivity, since only terms related to parameters not involved 

in the optimization process need to be computed. 

The paper proposes then a technique to deal with the 

optimal robust design problem, adopting the “worst case” 

approach to the definition of robustness, and explicitly 

exploiting the availability of sensitivity array components for 

the gradient computation. In Sect. II the mathematical 

formulation of the problem is given for an analytical test case, 

and then in Sect. III an example of application to a small 

copper magnet used as resistive insert of hybrid NMR magnets 

[4] is presented.  

II. MATHEMATICAL FORMULATION 

As anticipated, the problem of robust optimal design with 

particular reference to highly demanding devices will be 

discussed in the following. In these cases, the target 

performance must be guaranteed within a relatively tight 

tolerance, while the worst case performance degradation must 

be minimized, together with other secondary performance 

functions, e.g. the cost of the device.  

The optimal robust design problem can then be formulated 

as following: 
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where p is the array of design parameters, q is the array of 

auxiliary parameters, not subject to optimization but 

nevertheless impacting the device performance and subject to 

small variations around their nominal value, F(p,q) is the 

performance function, Fmin and Fmax the extremes of the 

allowed range of variations for F, C(p,q) is a function 

expressing the “cost” of the device, R(p,q) is a function that 

takes into account the system’s robustness, and finally, hi(p) 

represent possible linear inequalities that design parameters 

must satisfy. Note that the constrain on F states that the 

nominal performance must be guaranteed by any set of 

nominal design parameters, while the term R expresses the 

performance degradation around the nominal design due to 

parameters tolerance and depends on specific application.  

The needs for keeping cost and performance sensitivity low 

are often conflicting, and it is therefore essential to use the 

multi-objective optimization approach. In the following, for 
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the sake of exposition, the weighted sum approach will be 

used to obtain the Pareto Front by varying the weighting 

parameter α and the convexity assumption will be assumed. 

The nominal value of design parameters p0 and of auxiliary 

parameters q0 are known exactly, while uncertainty ranges ∆p 

and ∆q on the parameters are estimated from manufacturing 

and assembly process. The uncertainties are in general random 

variables, each with its own statistical distribution, defined 

accordingly to the tolerance ranges.  

If considering hypothesis of small relative values of 

tolerances with respect to design parameter values, it is 

possible to assume that the performance degradation R is 

linear with respect to each uncertainty ∆pi: 
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The array s of si is called the “sensitivity array”; it can be 

computed using linear interpolation, or partial first order 

derivatives with respect to ∆pi, or, finally, using covariance 

computation. Note that different interpretation could drive to 

the different values of s. Note also that similar considerations 

apply when considering the effect of variations ∆q on 

auxiliary parameters.  

 The term s⋅∆p is useful to reduce the computational burden 

of both statistical analysis and worst-case analysis for 

tolerance assessment, although derivatives must be re-

evaluated at each trial configuration during optimization 

process. 

 When adopting statistical analysis, thanks to the use of the 

sensitivity array, it is possible either to quickly generate new 

examples by simply multiplying it by a random set of 

tolerances ∆p, or to easily get analytical approximations of the 

first statistical moments of R. 

On the other hand, when adopting the “worst case” 

approach to define the term R in (1), the problem of looking 

for the maximum discrepancy of the actual performance with 

respect to the nominal one must be faced with at each 

optimization step. In order to get rid of the sign, it is profitable 

to use squared discrepancy, and to express the problem as: 
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It can be easily shown that for convex problems the 

maximum must be found on the boundary of the search space. 

If there are no constraints among design parameters, and 

assuming for the sake of exposition, with no lack of 

generality, that the tolerances are symmetrical, the search 

space for the maximization problem (4) is represented by the 

hyper rectangle R⊂RNpar
 , centred on the nominal design 

values, and obtained as the Cartesian product of the Npar 

tolerance ranges, and maximum must be in one of the vertices. 

In particular, the maximum value of discrepancy is achieved 

in the vertex of the hyper rectangle whose coordinate vector 

gives the highest scalar product with the sensitivity array, and 

can be easily determined as the vertex where each coordinate 

has the same sign as the corresponding sensitivity array 

element. This vertex is called the “Nadir”, which is the 

“lowest” possible point in terms of performance (as opposite 

to Zenith, the highest point), and it represents the theoretical 

worst case, if all the design parameters were free to assume 

any value in the respective tolerance range.  

The more complex cases when constraints are present, and 

the parameters definition domain does not reduce to a hyper-

rectangle, can be treated using the TAQS (Tolerance Analysis 

Quick Search) algorithm, whose effectiveness is described in 

[3] for an application similar to the considered in the 

following. Synthetically, TAQS starts by computing the 

sensitivity arrays, and then locates the Nadir by using gradient 

information to locate the vertex that achieves the maximum 

for function R. If there are no constraints, TAQS tag the Nadir 

as a valid configuration (“validates” the configuration), and 

terminates by indicating the Nadir as the worst case. If there 

are constraints among design parameters, the algorithm firstly 

tries to validates the Nadir. If this is validated, then it is the 

worst case, and the algorithm terminates. In case of fail, then 

the “opposite” vertex (all signs of elements in ∆p are 

exchanged) in the hyper rectangle is considered, which 

provides the same value of squared discrepancy. If vertex can 

be validated, the algorithm terminates, otherwise “adjacent” 

vertices to the Nadir are considered and validated. Once the 

full set of valid vertex neighboring to Nadir have been located, 

the worst case is searched along edges linking Nadir and its 

valid neighbors.  

Note that, as anticipated, when using first order 

optimization algorithms to solve (1), the objective function 

gradient is a part of the sensitivity array (the remaining part 

being related to auxiliary parameters q), and is consequently 

available to the optimization algorithm without additional 

computation. 

III. EXAMPLE OF APPLICATION 

In order to assess the proposed approach for the optimal 

robust design of an electromagnetic device, the resistive insert 

of the hybrid magnet developed at the NHMFL [4] is 

considered. The magnet consists of a resistive insert, nested 

within a superconducting outsert. The resistive and 

superconducting magnets, connected in series, will be capable 

of producing 23.1 T and 13.8 T respectively for a total central 

field of 36.9 T.  

The resistive insert is composed of 6 Florida-Bitter type 

coaxial solenoidal magnets, whose dimensions ∆r and ∆z 

represent the design parameters (Fig. 1). No auxiliary 

parameters q are considered in this example, and the required 

field has been set to 20 T. 

 With reference to the robust optimal design problem applied 

to the resistive magnet considered in the example, problem (1) 

can then be rewritten as: 
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Fig.1 Resistive Magnet considered in the test case 

 

where the required performance (term F in (1)) is the magnetic 

field uniformity, defined as the difference of the field axial 

component Bz at the boundary of the volume of interest 

(evaluated on the magnet axis at z=zmax) minus the design 

value B0=20 T.  

 The cost term is expressed as the sum of the volumes of the 

6 magnets, where V(p) is the total volume, calculated as: 
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where zM and zm are and the maximum and minimum value of 

z for each solenoid respectively, similar definitions apply for r, 

and V0 is a normalization value.  

W(p) is the robustness term, and it represents the worst 

performance degradation due to tolerances (i.e. the difference 

between worst case and nominal performance) and it can be 

computed using information coming from sensitivity analysis 

of the device, as described above (W is given by product 
T

s p∆ ); the term is normalized to a reference value W0.  

Note that the functions V and W are conflicting, because the 

more the magnet volume is reduced, the more the robustness 

decreases. 

The Pareto front is obtained by varying the weighting 

parameter α and it shows all non-dominated solutions with 

regards to all objectives.  

IV. RESULTS 

In order to obtain the Pareto front, a number of optimization 

runs have been performed, by varying the weighting parameter 

α in a defined range between 0 and 1 with a step width of 0.1.  

A combined optimization method, consisting of a stochastic 

step followed by a deterministic one, has been used for each 

run. Firstly, a Genetic Algorithm (GA),with initial population 

of 20 individuals and a computational time approximately of 

10
3
 sec. on an Intel® Core™2 Quad CPU @ 2.4 GHz, has 

been used to find information about the objective function 

behavior, in order to get a starting point for the second step, in 

which a first order, gradient based algorithm is used.  

The algorithm used for the second minimization step is 

based on an Interior-Point Algorithm [5]. A single 

optimization (one value of α) is performed in 37 sec. if 

including W, while it takes 156 sec. if only volume and the 

constraint are used. Comparison of computational times to 

locate worst case using TAQS or other algorithms can be 

found in [3]. 

In table I, results from the simulations are presented, 

showing in the first column the value of α, in the second 

column the values of Volume in m
3
 (Vol), in the third column 

the values of Uniformity (Unif) in parts per million of the 

nominal field (p.p.m.), in the fourth column the values of 

Sensitivity (Sens), again in p.p.m., and in the fifth and sixth 

column the field values at the magnet centre and at the 

boundary of the Volume of Interest. Note that some of the 

obtained results present very thin magnets, that could be 

difficult to wind in practice. This suggest to include a 

constrain on the minimum thickness of single windings when 

designing practical magnets, but does not impact on the 

assessment of performance for the robust design algorithm 

presented here. 

 
TABLE I  

RESULTS OF THE OPTIMIZATION FOR EACH VALUE OF α 

α 
Vol 

(m3) 

Unif 

(p.p.m.) 

Sens 

(p.p.m.) 

B0  

(T) 

Bz=zmax  

(T) 

0 0,0085 0,0001 0,0001 19,9999 19,9980 

0.1 0,0059 0,0002 0,0002 19,5000 19,4969 

0.2 0,0050 0,0003 0,0002 19,5000 19,4942 

0.3 0,0046 0,0005 0,0003 19,5000 19,4912 

0.4 0,0042 0,0006 0,0004 19,5000 19,4875 

0.5 0,0039 0,0009 0,0004 19,5009 19,4837 

0.6 0,0037 0,0012 0,0005 19,5000 19,4776 

0.7 0,0035 0,0018 0,0005 19,5601 19,5247 

0.8 0,0032 0,0024 0,0006 19,5006 19,4545 

0.9 0,0029 0,0040 0,0008 19,5001 19,4226 

1 0,0028 0,0073 0,0010 19,5001 19,3584 

 

The Pareto-Front is showed in Fig. 2, while optimal 

magnets for different values of α are reported in Figs. 3-5. 

Note that for α = 0.1, a very high performance is achieved 

(Fig. 3), but robustness is rather poor, while for α = 0.9 (Fig. 

4) a good robustness is achieved at the expenses of volume. 

Finally, for α = 0.5 a magnet that is the right compromise 

between performances and robustness is obtained (Fig. 5). 

V. CONCLUSIONS 

The robust design of electromagnetic devices usually 

requires a significant increase in computational effort, due to 

the need for exploring the neighborhood of each trial 

configuration to get information about the effect of tolerances.   

In the case that robustness can be intended as the worst 

performance degradation due to tolerances, and when using 

first order optimization algorithms, the increase in the 

computational effort can be much reduced.  

In fact, sensitivity analysis can be used to locate the worst 

configuration around the nominal one, and this search can be 

quickly performed using TAQS algorithm. 
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In addition, the sensitivity array required by robustness 

analysis can be used also to evaluate at least partially the 

objective function gradient required by optimization 

algorithm. 

 

 
Fig.2 Pareto Front for the problem. 
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Fig.3  Optimal magnet for α=0.1. Note that volume is reduced, but even 

small deviations from design induce relevant performance 

degradation. 
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Fig.4  Optimal magnet for α=0.9. Now small deviations from design do not 

induce significant performance degradation, but volume is much 

larger than before. 
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Fig.5  Optimal magnet for α=0.5. This appears a good compromise between 

robustness and volume. 
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