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Abstract.  Magnets for Nuclear Magnetic Resonance applications are designed to provide high level of 

magnetic flux density in a testing volume with the greatest level of field homogeneity. Anyway, the 
manufacturing and assembly tolerances cause unavoidable uniformity degradation, that is usually 

counteracted by correction coils. The measurement of the magnetic field is the final verification of the 
complex design and fabrication process of a magnetic system, aimed also at defining currents in 
correction coils to improve uniformity. Anyway, when seeking high accuracy, it is necessary to assess the 

effect on final uniformity of uncertainties in the measurement technique. In this paper, an approach is 
presented to assess impact of measurement error bars on final device performance, based on Worst Case 

Analysis, guaranteeing quick computational time.  
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INTRODUCTION 

Nuclear Magnetic Resonance (NMR) is a powerful non-invasive analysis technique, whose main 

applications are in the spectroscopy of materials and in human body imaging. The technique can reveal presence 

and relative mass of many chemical species by inserting a sample in static, high intensity magnetic field, 

polarizing the molecules, and letting them absorb electromagnetic radiation at a very precise resonant frequency. 

The resonant frequency depends on the particular chemical composition of the sample, and on the intensity of 

polarizing field: the higher the field, the higher the resonant frequency (and, consequently, the more resolution is 

available for chemical analysis and the faster is the acquisition time to get stable measurements).  

The polarization field is generated by dedicated magnets, whose main requirement is the uniformity and 

stability of the field, since it must be guaranteed that all the molecules in the volume of the sample (the “Volume 

of Interest” VOI) resonates at exactly the same frequency. The uniformity is usually evaluated as the maximum 

difference between the magnetic field axial component on the boundary of the VOI and on the centre of the VOI, 

normalized to the central field. In order to guarantee the right frequency resolution in NMR analyses, such 

uniformity must be within few parts per million (p.p.m.). The typical layout of NMR magnets is composed by a 

number of coaxial solenoidal coils, whose dimensions are carefully designed to achieve the best field uniformity 

(See Fig. 1 for a typical NMR magnets for spectroscopic applications). 

Magnetic systems for NMR are nowadays designed using powerful computational tools, allowing to 

achieve remarkable accuracy, and indeed vital for proper optimization. On the other hand, when manufacturing 

and assembling the real devices, unavoidable tolerances and inaccuracies make the final device slightly different 

from the design one, this implying a worsening of performance. In most cases, especially for highly demanding 

and expensive NMR spectroscopy tools, this degradation is counteracted by dedicated correction coils (see Fig. 2 

for examples of correction coils). 

To design correction coils set, the magnetic field generated by the magnet is decomposed in its field 

harmonics, using as representation base the set of eigenfunctions of Laplace operator in spherical coordinates. 

Dedicated correction coils are then designed in order to generate field maps possessing a single low order 

harmonic (plus eventually higher order ones). The reason behind this approach to field correction is that not all 

the field harmonics impact equally on the device performance, and only the most harmful ones are corrected, 

possibly accepting a degradation of higher order terms. In addition, it is much simpler to define currents when 

the correction coils are designed in order to produce only one of the relevant harmonics (together with other 

components out of the relevant harmonics set). This process is called “shimming”. 



 

 

 

 

Figure 1. Layout of a NMR Spectroscopy magnet (up) with the typical design parameters (down) [1]. 

 

Figure 2. Example of Correction Coils. The leftmost is suited for correction of field in-homogeneities of “z” type, the 

middle one is suited for “z2” and the rightmost one for “zx” or “zy” type 

 

In a first phase, shimming currents are selected after a survey of the magnet, either by laser tracking the 

precise geometry (and then computing the field), or by directly mapping the field, the second option being 

preferable since not relaying on complex post-processing of measured geometry. In a second phase, during 

lifetime of the device, correction currents are adjusted by measuring the spectrum of a known sample, with a trial 

and error procedure, until the expected spectrum is observed. 

In the first phase, with reference to the magnetic measurement procedure, the field map is measured 

using suitable field probes, and then decomposed into harmonics. Currents in each shimming coils are then 

easily selected. NMR itself, using known samples, provides the most reliable standards for the measurement of a 

homogeneous magnetic field, commonly achieving accuracy of 0.1 ppm and better in controlled conditions. For 

this reason NMR is considered today the primary standard for calibration. In fig. 3 the schematics of a NMR 

mapping device is reported. 

 



 

 

 

Figure 3. Example of mapping device: a known sample rotates along theta and shift along magnet axis, at each 

measurement point NMR spectrum of the sample is taken, allowing to measure polarizing field at different positions. 

 

However, the measurements themselves are affected by errors, due to inaccuracies in the positioning of 

the probes, to the finite volume of the sample (the measurement not being punctual), to noise in the processing 

circuitry, and so on. Since the measurements constitute the source data for defining shimming currents, it would 

be useful to assess the expected final homogeneity within a reasonable range at the end of the first phase of 

magnet correction, to better design the correction system to be used in the ordinary operation of the device. 

The impact of measurements inaccuracy can be determined by either using a statistical approach or a 

worst-case approach. In the first case, tolerance calculation are performed based on the fact that actual 

measurements are randomly distributed around their nominal values, while in the second case the extreme values 

of uncertainty range are considered. The worst-case approach, anyway, appears better suited to define operation 

ranges of the NMR magnets shimming systems, since, for such costly devices, performance must be guaranteed 

also in presence of extremely severe conditions.  

In the following the performance of shimming systems are assessed with respect to positioning errors in 

the magnets field mapping devices, using Worst Case Approach (WCA). In particular, in Sect. II a mathematical 

formulation able to state the problem will be presented, and in Sect. III an example of application presented. 

 

MATHEMATICAL FORMULATION 

As anticipated, in NMR applications the static polarizing field is described using its harmonic 

expansion in spherical harmonics. Since the interest is limited to axis component of the field (for the 

exemplification sake, the axis of the magnet will be assumed as z-axis in the following),  it is possible to write: 
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where r=(r,θ,φ) is the coordinates vector of the field point in a spherical frame centred in the VOI centre, and 

m

nP are the associated Legendre functions of the first kind. The coefficients An,m and Bn,m provide an effective 

measure of the field homogeneity: for a perfectly homogeneous field, all the coefficients vanish except for the 

first one, which is equal to the field magnitude.  



 

 

Usually, N is limited to few units, for a total number of coefficients in the order of few tens. For the 

sake of readability, in the following the coefficients An,m and Bn,m will be re-organized in a single array C; 
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The field Baxis in a set of field points rk i=1,2,..,Kpts can now be expressed as: 

 

(2) ( )axisB G C= ⋅R  

 

Where R is the array of field points coordinates vectors rk, G(R) is defined as the matrix having, as element gkj, 

the contribution at the k-th field point rk of the j-th terms in the expansion (1), with the double index re-arranged 

as per C. 

The field mapping problem can then be formulated as the inverse problem of finding coefficients C 

from a field measurements in a set of points R: 
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The reconstruction capability of any measurement system can be measured by computing the conditioning 

number of G: the lower it is, the better the measurement system capability in rejecting measurement noise.  

On the other hand, different systems present different positioning errors. For an example, the radial 

position of a helical path system is much more precise than the equivalent figure for a spherical system. This 

must be considered when selecting the best suited set of measurement points. 

A possible approach to the problem can be stated as following. If neglecting higher terms contribution, 

the measurements of a field described by coefficients Ctrue, taken in a misplaced system, whose points 

coordinates are given by R+δR, can be evaluated as: 
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Since the inversion procedure accounts for a measurement system with points coordinates R, the reconstructed 

coefficients will be given by: 
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An estimate of the reconstruction error can then be defined as: 
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Where I is the identity matrix. The reconstruction error depends on the particular set of measurement points 

through R, and on the positioning error δR, but not on the particular set of coefficients. 

If using worst case approach to error estimate, the set of δR giving the “worst” error must be searched for. On 

the other hand, thanks to the small measure of positioning errors, a Taylor expansion approach can be used to 

approximate G(R+ δR): 
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Where Γ(R) is a multidimensional array containing the first derivative of each term in G with respect to each 

term in δR. 

Substituting in E, we get: 

(8) ( )( , )δ δΓR R R R≃E  

 

The expression found is a convex function, and its maximum is located on the boundary of the 

definition domain. Consequently, the worst case error can be easily computed by limiting the search on the 

extreme values of positioning errors. The WCA can then be formulated as the problem of looking for the 

maximum discrepancy of the actual performance with respect to the nominal one. If there are no constraints 

among design parameters, the search space for the maximization problem is represented by the hyper rectangle 

R⊂R
Npt

 obtained as the Cartesian product of the tolerance ranges on the Npt measurement points, and maximum 

must be in one of the vertices. For the sake of exposition, with no lack of generality, the tolerances will be 

assumed symmetrical. The maximum value of discrepancy is achieved in the vertex of the hyper rectangle whose 

coordinate vector gives the highest scalar product with the sensitivity Γ(R), and can be easily determined as the 

vertex where each coordinate has the same sign as the corresponding sensitivity element. This vertex is called 

the “Nadir”, which is the “lowest” possible point in terms of performance (as opposite to Zenith, the highest 

point), and it represents the theoretical worst case, if all the design parameters were free to assume any value in 

the respective tolerance range. The proposed approach is implemented in TAQS (Tolerance Analysis Quick 

Search) algorithm. TAQS starts by computing the sensitivity array, and then locates the Nadir. If there are no 

constraints, as in this case, TAQS terminates. In general, if there are constraints among parameters, the algorithm 

is more complex: it firstly considers the Nadir, and verifies if it satisfies the constraints (“validates” the vertex). 

If the vertex is validated, then it is the worst case, and the algorithm terminates. In case of fail, then the 

“opposite” vertex is considered (which provides the same value of squared discrepancy) and validated. If vertex 

is valid, the algorithm terminates, otherwise “adjacent” vertices to the Nadir are generated and validated, until a 

valid vertex is locared. For a detailed description of the algorithm see in [3]. 

 

 

EXAMPLE OF APPLICATION 

 As a test case, a NMR magnet with a warm bore with diameter of 4 cm has been considered. Its VOI is 

a 2 cm radius spherical region in the centre of the magnet. In order to reconstruct the actual field inside the 

magnet (i.e. compute coefficients C in (1)), a measurement system composed by a NMR probe moving along a 

helix with a 2 cm radius has been considered, and (simulated) measurements at 20 points along the helix have 

been used as data to reconstruct the expansion coefficients. The positioning of the probe is affected by an 

uncertainty of 50 mm on the radius only. By applying the exposed approach, the probes positions providing the 

worst reconstruction have been determined. 



 

 

 

Figure 4. Measurement Helix 

In figure 4 the nominal measurement helix is reported (blue line), together with the “worst case” helix (red line). 

For the sake of exemplification, a 1T field affected by a z error (Ctrue=[1.0 1.0e-7 0.0 0.0 0.0 0.0 0.0 0.0]) would 

be identified, due to the δR tolerances, as a field characterized by coefficients Crec. The error introduced, 
expressed in ppm., is: 

 

Crec-Ctrue = [0.001 0.009 0.030 0.021 0.066 0.054 0.135 0.015 0.233] p.p.m. 

 

CONCLUSIONS 

The magnetic field in NMR magnets is usually measured periodically to assess its homogeneity. Since 

the requirements  for such devices are very demanding, the procedure must be quite accurate. In this paper, the 

errors in the field mapping induced by inaccuracies in the probes positioning have been considered, and a worst 

case estimate of their effect has been derived using a quick algorithm based on sensitivity analysis. The proposed 

approach has been demonstrated numerically, and proved able to estimate the reconstruction error, 

simultaneously identifying the “worst” configuration of the measurements system providing the highest error. 
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